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Theory of Equations Part-1

Every 'degree equation has exactly n roots real or imagina

Relation between, roots and coeffici@fitan equation.

(i) If a,B,y are the roots ok’ + px*+ p,x+ p,=0 the sum of the roots

s=a+p+y=-p.
Sum of the products of two roots taken at a tspeaf+ By + ya =—p,.

Product of all the rootss, = aBy =-p..

(ii) If a,B.,y,0 are the roots ok* + p,x°* + p,x*+ px+ p,=0 then

Sum of the roots =a++y+0=-p,

S, =af+ay+ad+[+[0+)0=p,.

Sum of the products of roots taken three at a time

S, =apy+ Byo+ yoa +oaf = —ps.

Product of the rootss, =apB)o = p,.

For the equation” +p; X" +p, x"2 + ... +p, =0

)Ta® =p’-2p i) Xo®= —p,’ + 3pyp, - 3,
i) Yot = py* -apy*p, + 20,° + 4pips — 4py vV)Zo*B = 3p - pp2
V) ZO‘ZBV =P1P3 — 4P,

Note: For the equation® + p;x2 + p,x + p3 = 0X0°B% = p,® — 2p;p3
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4. To remove the second term from "2 degree equation, the roots must be diminished by

na,

and the resultant equation will not contain thentevith X",

If a,,a,, ....a, are the roots of f(x) = 0, the equation

1) Whose roots arel—, ii is f(lj =0.
a, a, o X

n

i) Whose roots aredg , ka,,...,ka, is f(%) =0.

i) Whose roots are, —h,a, — h,...o, —his f(x+h) = 0.
Iv) Whose roots ara; + h,a, + h, ....a, + his f(x-h) = 0.

v) Whose roots am;?, a,°.... o, is f(\/y) =0

In any equation with rational coefficients, iratal roots occur in conjugate pairs.
In any equation with real coefficients, complertsoccur in conjugate pairs.

If a is r” multiple root of f(x) = 0, theu is a (r-1) - multiple root of'{x)=0 and
(r-2) - Multiple root of t'(x) = 0 and non multiple root of *(x) =0.

i) If f(x) = x" + px"* +.......+p.1x + p, and f(a) and f(b) are of opposite sign, then astle

one real root of f(x) =0 lies between a and b.
(a) For a cubic equation, when the roots are

() In A.P., then they are taken as d,a,a+d

(ii) In G.P., then are taken a?s,a,ar

(iif) In H.P., then they are taken asl—,—l, :
a-d a a+d
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(b) For a bi quadratic equation, if the roots a

() In A.P., then they are taken as 3d,a+d,a+ .

(i) In G.P., then they are taken %%,g,ad,ade'

(i) In H.P., then they are taken asl— 1 : 1 : 1 :
a-3d a-d a+d a+3d

() If an equation is unaltered by changingto ii, then it is a reciprocal equation.
X

(i) A reciprocal equationf (x) = pox" + p X" +......... +p. = (is said to be a reciprocal

equation of first clas®. = p,_, for all i.

(iii) A reciprocal equationf (x) = p,X" + px"™* +......+ p, = Cis said to be a reciprocal

equation of second clags = p,_; for all i.

(iv) For an odd degree reciprocal equation ofstase,-1 is a root and for an odd degree

reciprocal equation of class two, 1 is a root.

(v) For an even degree reciprocal equation ofsdlas, 1 and-1 are roots.

If f(x)=0 is an equation of degree ‘n’ then to elimindt¢arm, f (x)=0 can be
transformed tof (x+h) =0 where h is a constant such thdt " (h) =0 i.e., (n-r +1)"

derivative of f (h) is zero.
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Very Short Answer Questions

1. Form polynomial equations of the lowest degresyith roots as given below.

() 1,-13
Equations having roots, 8, is (x-a)(x-8)(x-y) =0
Sol:  Required equation is

(x-1)(x+1(x-9 =€

=(x*-1)(x-3)=0

= x*-3x*-x+3=0

(ii) 1+2i,4,2
In an equation imaginary roots occur in conjugatiesp
Sol:  Equation having roots, 8,y,5 is (x-a)(x-B)(x-y)(x-3) =0
Required equation is
[x=(1+2) [ x=(2- 2) (x- 4(x- 9= ¢
[x-(a2)][x-(s- 2]
=[(x-1)-2][(x-7+12]
=(x-1)" - 4°
=(x-1)"+4

=x*-2x+1+ 4
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=x*-2x+5
(x=4)(x=2) =x* - 4x— X+ €

= x> -6x+8
Required equation is
(x2—2x+5)(x2—6x+@: C

= x*-2x°*+5x* - 6x°+ 1% % - 3+ &*- 16+ 46 |

= x* =8x%+ 25x* - 46+ 40= (

(iii) 2++/3,1+ 2

Sol: Required Equation is
el {9
[(x-(1+2)][x-(+-2)]=0 ... ()
xfee A re{ 4]

=[(x=2)-V3][(x-2+V3]
= (x-2)*-3

=x*—4x+4-3

=x?-4x+1
-1+ 2)][x-(1- 2]
=[(x-)-2][(x-9+1]

=(x-1)" - 4°
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=(x?-2x+1+4)

=x*-2x+5
Substituting in (1), required equation is
(¥ -ax+1)(x*-x+5=C

= X' =43+ x? - 2x3+ 8x?— X+ 5 ?- 2k+ 5= (
= x*=6x*+14x%- 2%+ 5= (
(iv) 0,0,2,2- 2- ¢

Sol:  Required Equation is
(x=0)(x=0)(x-2)(x-2=C

= x*(x+2)(x+2)=0
= x*(x-2)"(x+2)°=0
= xz(x2—4)2 =0

= X (X" -8x*+16)= 0

= x5 -8x*+16x*=0

(v) 1£+/3,2,5

Sol: Required equation is

[x—(l%/éﬂ[x—(l—x/éﬂ[(x— (x-9]=0 ——-—(1
[x—(l%/éﬂ[x—(l—@)]{(x— ])—x/_f:j[(x— ;t+\/_1ﬂ

=(x-1)°-3=x - 2+ 1- &
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=x*-2x-2

(x=2)(x~=5) =x*— 2x~ 5+ 1(

=x?-7x+10

Substituting in (i) required equation is

(x2 - 2x— 2)(x2— X+ 1@ = (

= x*=2x° -7+ 14¢° + 14+ 1&°- 26— 26

= x*=9x®+22¢x* - 6x— 20= C

: 3 5
vi) 0,1,-> -=
(vi) 575

Sol:

Required Equation is

x(x—l)(x+gj(x+—2jzo ........ (1

X(x=1) =x* -x

3)( 5\ , 3 5 1
X+= || X+= [= X2+ xX+=x+—
2 2 2" 2" 4

=3¢ +4x+ 2
4

Substituting in (i), required equation is
= (x2 —x)(x2 +4X+Ej =0
4

= x4—x3+4x3—4x2+%5x2—%: 0

= x4+3x3—1x2—1—fx: 0
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Or = 4x* +12x* - x*- 1% = C

2. If a,B,y are the roots of4x® - 6x*> + 7x+ 3= 0. then find the value of a8 + By + yu.

Sol:  a,pB,y are the roots ofix® — 6x*+ 7x+ 3=

a+ﬁ+y:—ﬁ:§
a, 4
7
ap+By+y=22=2
a, 4
__a%__3
apy a4

7
Da,B+,8y+ya:Z

3. If 1,1, are the roots of x* -6x?+9x- 4= 0, then find a
Sol: 1,1a areroots ofx®-6x?-9x— 4= 0

Sum=1+1+a=6

a=6-2=4
4. If -1,2 and a are the roots of2x* + x> - 7x—- 6= 0, then find o
Sol: -1,2,0 areroots of2x* +x*-7x-6=0

Sum=-1+ 2+a:—%
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5. If 1,-2 and 3 are roots ofx® - 2x?+ax+ 6= 0, then find a.

Sol: 1,-2 and 3 are roots of
XX =2x*+ax+6=0
=1(-2)+(-2 3+ 3.Fa

i.e.,a=—2-6+3=-F

6). If the product of the roots of 4x® +16x*- 9x—a= 0is 9, then find a.

Sol:  a,p,y are the roots ofix* +16x* - x-a= 0

aﬂy:%:9:>a:36

7. Find the values 0fS,S,,S, and S, for each of the following equations.

(i) x*-16x°+86x*— 176+ 105 |
Sol  Given equation is
x* -16x°+ 86x*— 176+ 105 |

We know thats = _& :E:16
a, 1
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(i) 8x*—2x°-27x*+ &+ 9= (

Sol:  Equation is8x* - 2x*> - 27x*+ &+ 9= (

__a_2_1
3 a 8 4
22:2_7
S, a 8

_a,_9
S, =—+==
a, 8
8. Solve x* —3x* —16x+ 48= 0 given that the sum of two roots is zero.

Sol: Leta,p,y are the roots of
x*—3x*-16x+ 48= (
a+f+y=3
Givena + g=0(" Sum of two roots is zero)
Oy=3
l.e. x—3is a factor of

x3=3x?-16x+ 48= Q

31 -3 -16 48
- 3 0 -48

1 0 -16 [0

x> -16= 0= x* =16

=X=14
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0 The roots are-4,4,3

9. Find the condition that x* - px*+gx—r =0 may have the sum of its roots zero.

Sol: Leta,B,y be the roots ok’ - px*+gx—r =0

a+B+y=p ()
af+pfa+y=q (2)
afy (3)

Givena+3=0

("~ Sum of two roots is zero)
From (1),y=p

ry is aroot of x> - px*+gx—r =0
Y’ —py*+ay-r=0

But y=p

= p’-p(p?)+a(p)-r=0

= p’-p’+ap-r =0

Lgp=r is the required condition.
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10. Given that the roots ofx® +3px*+3px+r = 0 are in
(i) A.P., show that 2p*-3gp+r =0
(i) G.P., show that p’r =¢°
(iii) H.P., show that 2g° =r(3pg-r)

Sol: Given equation is¢ +3px® + 3px+r =0

() The roots are in A.P.

Supposea-d,a,a+d=-3p
3a=-3p=>a=-p (9)
clat X +3pxP+3x+r=0
=a’+3pa®+3ga+r=0

Buta=-p
=~ +3p(-p) +3(-p) +1 =0
=2p*-3pg+r =0 is the required condition

(i) The roots are in G.P.

Suppose the roots b%,a, aR

Given (%j(a)(aR) -

—~a= (_r)1/3

ora’is a root ofx® +3px®+3gx+r =0
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:>( 1/3) +3p( 1’3)2+3q(—r 1/3)+r -0
= -r+3pr?*-3r**+r=0

pr.2/3 — qr 1/3

= p°r =q is the required condition

(iii) The roots of x*+3px*+3x+r=0 (1 arein H.P.

Let y—1 SO that—+ 3p Kl

+r=0 (2) arein A.P.
X y y y

Supposea-d,a,a+d be the roots of (2)

Sum =a-d,a,a+d :—$
3a:—§

r
a:—% (1)

‘a’ is root of ry® +3qy* + 3py +1= 0
=ra’®+3ga®+3pa+1=Q

But a:—g

r

A 8] 8o

_ .3 3
o', 30 _3p,,_,
rz  r? r

= -q*+3q°-3pgr +r*=0
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=2q° =r(3pg-r) is the required condition.

11. Find the condition that x* - px*+gx—r =0 may have the roots in G.P.
Sol: Let %,a,aR be the roots ok® - px*+gx-r =0

Then product of the roots

:%,a,aR:ae' =r

—a=r"?

ais aroot of® - px*+qgx-r =0

—a’-pa’+ga-r=0

Buta=r"*

:>(r1’3)3— pa’+ga-r =0

Buta=r"*

= () - (s #a(r ) =r =0

=r-pr®+qr®-r=0

= prP=qr'®

By cubing on both sides

= p’r*=q%

= p’r =q° is the required condition
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12. Form the polynomial equation whose roots are
() 2+3,2-3,1+i ,+i

Sol: The required equation is
[x=(2-3)][x-(2-3)]
cefaei)][x-(1-1)] =0
=[ (2 -97]| (x-9"-i7]= 0
= (X" -ax+4-9(x* - X+ 1+ }= (
= (¥ —ax+13)(x* - %+ 3= C
=X =3 +1X - 2+ &P - 2&+ XP- &+ 26 |
= X' = 6x° + 2% - 34+ 26= (

() 3,2,1+i 1]

Sol: Required equation is
(x=3) (- A (a1~ (a-1)]= €
= (¢ ~5x+ g [(x—)-i][(x-+i]=
Sperscg(x- 1=
= (= B+ 6) (3 = 2+ 1+ § = €
= (¢ ~5x+ 6) (¢ - 2+ I = 0
= X' =5+ 6x* - 23+ 10k* - 1X+ X*-10x+12= 0

=X -7 +18% - 2X + 12= (
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(i) 1+i1-1,-1+i - -]

Sol:  Required equation isx - (1+i) ][ x - (1-i)]
[x=(-2+i)][x~(-1-)]=0
=[(x=) =i ][(x-9+i]
[(x+D=i][(x+)+1] =0
=[(x-1" %[ (x+1°-i?]=0
= (¢ - 2x+ 1+ ) (x4 20+ 1+ §= ¢
= —2x+2) 2+ 2x+ A= ¢
=X =2+ 22X+ 2 - X HAX+ 2 - X+ 4= 0
=x*+4=0

(V)  1+i1-i,1+i 10

Sol:  Required equation isx— (1+1)][ x - (1-i)]
[x-(a+i))[x-(2=i)]=0
=[(x=1)=iT[(x-9+i] =0
=|(x=19*-i7|=0
= (@ -2x+1+ ) =0
=X+ A+ 4= 45+ AP - &= (

=X -43+8x* -8+ 4= 0
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14. Form the polynomial equation with rational coeficients whose roots are
(i) 4V3,5+ 2

Sol:  For the polynomial equation with rational coeféicts. The roots are conjugate surds and

conjugate complex numbers
(i) 43,5+ 2
Let @ =4/3then B=-4/3, and
y+5+2 theng=5-2i
a, B,y,0 are the roots
a+[=0,aB=-48
y+0=10,)0 = 25+ 4= 2¢
The required equations is,
[xz—(a+,8)x+a,8][x2:(y+5)x+y5]:0
= (x* - 48) (¥ - 10¢+ 29 = (
= x'—10x> + 2K° - 4&*+ 48Q@ - 132
ie., x*—10x° - 1%* + 48x- 1932
(i)  1+5,5-i

Sol:  For the polynomial equation with rational coeféicts. The roots are conjugate surds and

conjugate complex numbers.
Leta=1+5thenf=1=15,

And y=5+ithend=5-i,
a+[=2,aB=26

y+0=10,0= 26
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The required equation is
[xz—(a+,8)x+a,5][x2—(y+5)x+y5}:o
= (x* - 2x+ 26) (X* - 10c+ 2§= (
= x'-12x3 + 7X%* - 31X+ 676 |

iy i-5

Sol:  For the polynomial equation with rational coeféicts. The roots are conjugate surds and

conjugate complex numbers.

Let a=i-+/5,8=i++/5
y=i-+5,0=-i+4/5 are the roots
a+p=2i,aB=-6
y+0=-2,0=-6

The required equation is

[ X =(a+B)x+aB][ X ~(y+3)x+y5]=0
= (x* - 2ix— 6) (x* + dx - § =

=[( -6)-2x][(x*- 6+ 2x]= 0

= (x-6) +4=0

= X' +36-12¢C + 4= (

= x*-8x*+36=0
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(v) —/3+iV2
Sol: Leta=-+3+iv2,8=-+/3-iV/2
y=+3-iv2,5=3+iy2

a +[>’:—2\/§,a[>’=(—\/_3)2—(i\/_2)2

y+0=2J3,9=5

The required equation is

(¥ = (a+B) x+ap)(x*~(y+3)x+8) =0
= (% +2v3x+ 5 (x* - 2/&+ 9= ¢

= (x*+5)- (2% = 0

= x*+25+10¢° - 1x* = (

=x'-2x*+25=0

15. Find the algebraic equation whose roots are 8ies the roots ofx® + 2x* — 4x + 1= Q
Sol:  Given equation isf (x) =x° +2x* - 4x+ 1= 0

We require an equation whose roots are 3 timesothts of f (x) =0

l.e., Required equation i‘s(gj =0
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XX 2
Z +Zx
27 9

2 4 yt1=0
3

Multiplying with 27, required equation is *-36x+27=0

16.  Find the algebraic equation whose roots are #es the roots of
X°—2x* + 3% — X%+ 4x+ 3= C

Sol: Given equation is
f(x)=x>=2x*+3x* = 2+ 4+ 3= (

We require an equation whose roots are 2 timegotts of f (x) =0

Required equation i$ (iz(j =0

() A5G e

X5 X4 X3 2

X X w3 X o X 4k 3
32 716 8 T4 2

Multiplying with 32, required equation is

= X2 =4+ 123 - 162+ 64K+ 96= (

17.  Find the transformed equation whose roots aréne negative of the roots of

x* +5x°+11x+ 3= C
Sol:  Given f (x)=x*+5x> +11x+ 3= C
We want an equation whose roots are

—a, —0,,— 0,0,
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Required equatiorf (-x) =0
= (-x)*+5(=x)’ +12(—x) + 3= C

= x*-5x3-11x+ 3= C

18. Find the transformed equation whose roots arene negative of the roots of
X +3x°+x*-x*+7x+2=0
Sol:  Given f(x)=x"+3x*+x*=x*+7x+2=0

We want an equation whose roots are

Required equation i$ (-x) =0
(=) +3(=x)"+ (%) =(x) "+ 7(-x) + 2= 0
==X +-3-x*-Tx+2=0

=X +3XC+X3+Xx2+Tx-2=0

19. Find the polynomial equation whose roots are threciprocals of the roots of
X' =3+ 7x+x-2=0
Sol:  Given equation isf (x)

X° +11x* + X3+ 4x% - 13X+ 6+ (
. ... (1
Required equation i$ (;j =0

i+£‘+_1+_4—i3+6—0
X x* X x? X
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Multiplying by x°

S1+IX+H X+ A3 - 1%+ &°= (

ie., 6xX°—13*+ 43+ x%+ 1k+ E (

20. Form the polynomial equation of degree 3 whoseots are 2, 3 and 6.
Sol:  The required polynomial equation is
(x-)(x-3)(x-§)=0

= x* —=11x* + 36x - 36= (

21.  Find the relation between the roots and the ctiecient of the cubic equation
3x* -10x* + 7x+ 10= (

Sol; 3 -10x*+ X+ 10= ( ===---em- (1)
On comparing (1) with

ac+bx?+cx+d=0

We have
-b_-(-10) _10
28 a 3 3
_c_7
Z aﬁ_a 3
And aﬁy:__d:__lo
a 3
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22. Write down the relations between the roots anthe coefficients of the bi-quadratic
equation x* —2x* + 4x* + 6x— 21= (
Sol:  Given equation is
x* =25+ 4% + 6x— 21= ( -------- (1)
On comparing (1) with
ax®+bx®+cx’+dx+c=0
We have

a=1b=-2c=4d=6eg=- 2

> ap :—21:4
> aBy =—=-6

23. If 1, 2, 3 and 4 are the roots ok* + ax® + bx? + cx+ d =0, then find the values of

a,b,cand d
Sol:  Given that the roots of the given equation are, B,@21d 4 then
x* +ax®+bx’+cx+d
=(x-1)(x-2)(x-J(x- §=C
=(x* -10x* + 35¢ - 5+ 24= §

On equating the coefficients of like of powerscptve obtain
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a=-10,b=35c=- 50d = 2

If &, b, c are the roots ofx® — px* + gx-r =0and r # 0, then find i2+

Given that a, b, c are the roots of
x> —px*+gx—r =0, then
atb+c=p,ab+bc+ca=q,abc=r

1 1 1 _b*c®+a*c’+adb?’

Now =+ +—= =
a? b? c? abt?

(ab+bc+ca)’ - 2abc(a+b+c)
a’b*c?

_q°-2pr
=4

If a, B,y are roots of the equationsx® —10x* + 6x— 8= C find a® + g%+ y?
Given a, B,y are the roots of the equatiof—10x* + 6x — 8= C
a+pB+y=10,aB8+ By +ya=6,aBy=8

Now a®+p°+y*=(a+B+y) =-2(aB+py+ )

=100- 12

Oa*+pB*+y*=88
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Find the sum of the squares and the sum of tleeibes of the roots of the equation
x> —px*+gx—-r=0

Let a, B,y be the roots of the given equation them g+ y=p,aB+ By+ya =q,aBy=r
Sum of the squares of the rootsiis+ 82 + y>=(a + S+ y)’ - 2(af + By + ya) = p* - 29

Sum of the cubes of the roots is

a’+ By’ =(a+B+y)(a*+B°+y’-aB-By-ya) +3apy
=p(p°-20-q) +&

=p(p*-30)+3

Obtain the cubic equation, whose roots are treguares of the roots of the equations,

X+ pxP+ px+p,=0

The required equation is(\/; ):0

:(&)3+ pl(\/;)2+ pz(\/;)+ p;=0

= XJX+ pXx+ pz(\/;)+ p,=0

:>\/;(X+ p,)==(px+ ps)

Squaring on both sides

= X(x+ p2)2 =(px+ p3)2

= x(x2 +p? + 2p2x) = px2+ ps + 2p,pxX
2

=X+ p22X+ 2p2X2 - p12X - p32 —2p,p,x=0

0% +(2p, = p?) x> +(p - 2p,py) X~ p3=0
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28. Leta, B,y be the roots ofx* + px* + gx+r =0. Then find the following, a + g+ y=-p,
ap+py+ya=q,afy=-r

0n 2o

Sol: ) a*=a*+p*+y?

=(a+p+y) -2(ap+ py+ )

:p2_2q
. 1
(ii) ZE
sol: r. 1,1 _prryp+ab_-q
a B vy aBy r
iy Y o

Sol: ) a’=a’+p+)°
=(a+B+y)(a®+p*+y’ -aB-ya)+3ap
=(-p)(p*-20-q)-3
=-p(p°-30)-2

0) a’=-p*+3pg-3F=3pq-p°- 3

iv) > BV
Sol: Y BV =B +yuai+aB’
=(By+yr+apB)’ -2apy(a+pB+y)

=q" =2(-r)(-p)
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=q° - 2pr

V) (a+B)(B+y)(y+a)
Sol: Weknowag +B8+y=-p
> y+a=-p-p
O(a+B)(B+y)(v+a)
=(-p-y)(-p-a)(-p.-B)
=—p’ - p’(a+B+y)-p(as+py+ywr)-apy

=-p’+p’-pg+r=r-pg

29. Leta, B,y be the roots ofx* +ax?+bx+c =0 then find > a?B%/*+> ap?
Sol: Sincea, g, y are roots of the given equation, we have
a+pB+y=-aaf+py+ya=bapy=-c
Now Y a?B+> aB’=> aB(a+p)
=2 af(-a-y)
--ay’ af-Y. apy
=-a(aB+ Py +ya)-3apy
=-a( +b)+3k
=3c-ab
0) a’B+) aB*=3c-ab
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Sol:
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Form the polynomial equation of degree 4 whoseots we 4++/3,4-/3,2+i and 2 - |
The equation having roots+~/3, 4-+/3 is

x> -8x+13=0

The equation having roots+i, 2-i is

x> —4x+5=0

The required equation is

(¥ —8x+13)(x* - &+ §=C

Ox*—12x° + 5k* — 9X + 65= (

Short Answer Questions

If o, and 1 are the roots ofx’ -2x*-5x+ 6= Othen find a and g
a,p and 1 are the roots of
x> -2x*-5x+6=0
Suma+pB+1=2=a+p=1
Product=ap = -6
(a=B) =(a+p) ~4ap
=1+24= 2t
a-F=5
a+p=1
Adding 2a0=6=a=3
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a+f=1=pF=1-a=1-3=-2

Oa=3 andg=-2

2. If o,pand y are the roots of x> - 2x*+ 3x— 4= 0, then find
(i) 2a°p (i) D a8+ ap’

Sol:  Sincea, g,y are the roots of
x> -2x*+3x-4=0thena+p+y=2
ap+pPy+ya=3

afy=4

() D a*B=a’p*+By*+ya’
=(aB+By+ ) - 2aBy(a+p+y)
=9-224= 9 16—~
(i) P a’B=a’B+By+y’a+af’+py*+ya’
=(ap+Py+ya)(a+B+y)-3apy
23-34= 6- 12— ¢
3. If @, and y are the roots of x> + px* +gx+r =0, then find the following.
Sol: a,p andy are the roots ok® + px*+gx+r =0.
a+pf+y=-p.
ap+py+ya=q
apy =-r
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. 1
(I) z aZﬂZ

_ 1 1 1 1
Sol: zazlgz - az[a’2+[>’2y2+y202

0'2"',82"'}/2
a2+ﬁ2+y2

(a+B+y) —2(aB+py+ya)
(aBy)’

_(=p)’-2q_p*-2g

Ty T

. ﬁ2+y2 y2+a2 O’2+,32 ﬂ2+y2
O e e T2 g

2 2 2 2 2 2 2 2
Sol: Zﬁ ty _ Bty ytat a+p
By By ya ap

_ap*+ay*+yBra’Bray+ By
apy

_(aB+pBy+ya)(a+pB+y)-3aBy
apy

_-Pq+3r _ pq-3
=I r

(i) (B+y=3a)(y+a-36)(a+B-3)
Sol:  (B+y-3a)(y+a-36)(a+B-3)
=(a+B+y-4a)(a+p+y-4B)(a+L+y-4)

=(-p-4a)(-p-48)(-p-¥)
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=-(p+4a)(p+45)(p+ %)
=-(p°+4p®)(a+B+y)+16p(aB+ By + ) +( 64py)
:—(p3—4p3+16pq— 64)

=3p°-16pqg+ 64

(iv) Y.a’p
Sol: Y &*F=a’B+pY+yl’
(aB+ By+ )’ =a* B + By*+ y’a *+2afy(a+ B+Y)
o =a’B%+ By +yr 2+ 2pr
a’B*+ By +yai=q-2pr
Do+ By +ya=(aB* p Yy v )(ap+fy+ya)-apyy.a*s
=(o?~2pr) a+r[(aB+By+ym)(a+B+y)-py]
=g’ -2par +r (-pg+ )

=’ -2pgr - par +3*=q°-3pqgr + 3 ?

4, Solve9x® -15x* + 7x— 1= 0 given that two of its roots are equal.
Sol:  Supposer, g,y are the roots of

Ox®—-15x*+ 7x— 1= C

15 5
a'+,8+y:§:§
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.
aﬁ"‘ﬁV"‘W:g

1
apy =—
ﬁyg

Givena = g (" two its roots are equal)

Za+y:g:>y:§—2a

7
a’+2ay=—
4 9

:az+2a(§—2ajzz
3 9

= 9a” +6a(5- @)= 7
9a%+30n - 3@*=7
= 27a*-3@+ 7= C

—(3a-1) (-7 =C

1 7
=>aq=—0r —
39
Case (i)a ==
3
LI I
3 3 3
The roots are%,—l,l
3'3
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Case (i) a :g

Q
A
<

I

(BN

©l~

©lpR

@ﬂp

W)
o
@
7]
S
o
~—+
%)
Q)
=
0
28
<
~—+
=
%))
Q
<
)
S
@
o
c
2
o)
>

The roots areé, 1

Wl

5.Given that one root of2x® + 3x*> - 8x+ 3= 0 is double of another root, find the roots of the

equation.

Sol:  Supposer, 8,y are the roots 0fx® + 3x* - 8x+ 3= 0

()

N w

a+p+y=-
aB+Py+yar=-4 (1)

3
apy=-—
By 5

Givena =2 (- one root is double the other substituting in (1)

.3 ,-_3_
3B+y= = 36 (4)
Substituting in (2)
aB+y(a+p)=-4

= 2B +3By=-4

w

:2,82+3,8(— —38):—4

N
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36(3+ 65)
2

= 2% -

— 43> -93-183*=-8
=146*+96-8=C
=(28-1(78+8=C

= 2L-1=0o0r 76+8=C

1 8
=pB==or f=-—
B > B -

Case (i) 8 :%

1
a=2p=2x=—=1
A 2

3 3 3
=——-38=————
4 2 o 2 2

-3

www.sakshieducation.com

aﬁyzl(%j(—S) = —@ s satisfied

The roots aret,% —3

Case (ii) A= —g
16
a=2p=-—
o 7
3 3 48_ 75
=—-3f=——+—=—
4 2 o 2 7 14

ap :—g IS not satisfied.
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[0 The roots are;—,l and-3

Solvex® -9x? +14x+ 24= ( given that two of the roots are in the ratio3: 2.

Supposea, B,y are the roots of x> -9x” + 14x + 24= (
Oa+B+y=9 (1)

OaB+ By+yxr =14 (9)

apBy=-24 (9)

" two roots are in the rati8: 2

Leta:ﬁ:3:2:>,8:2?a

Substituting in (1)
sa 4
Z+y=9=y=9-=— 4
S TyE9= == (4
Substituting in (2)

2 5
=54 +y(a+p)=14

=22+ 9—%2:14
3 3) 3

& Vi . Sa( 9—%) =42

= 6a°+13% - 2% = 12¢
=19a° - 135 + 126= (

=190° - 114y - 2r + 126= |
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=1%(a-6)-2{a- §=(
=(19%-2)(a-9=C

= 19a - 21= Oor a - 6= (
21

a=—ora=6
19

Case ()a=6

20 _Z6=4
3

ﬁ:

wln

o 5

www.sakshieducation.com

y=9-= =9-2.6=9-10=~"

3

a=6,06=4,y=-1Satisfyapy =-24

LI The roots ares, 4,—1

Case (i) a=2%
19

2. 21 14

'3_3 19 19

y:9—§:9—§.§
3 319

35_171- 35 13¢
19 19 19

These values do not satisigy = -24

[0 The roots ares, 4,1
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7. Solve the following equations, given that the ais of each are in A.P.
(i) 8x°-36x* - 18+ 81= (
Sol:  Given the roots 08x® - 36x* - 1&+ 81= (are in A.P.

Let the roots be-d,a,a+d
Sum of the roots a-d,a,a+d

36

N o

e m=dmas?
2 2

D(x—gj is a factor ofgx® — 36x? - 14x+ 81= (

8 -36 -18 81
- 12 -36 -81

3/2

|8 24 54 | O

=8x° - 24x— 54= (

— 4x>-12x- 27= 0

= 4x* - 18x+ 6x— 27= (
= 2x(2x-9+ q A- 9= (

=(2x+3)(x-9=C

309
= X=—-=,—
2 2
The roots areé,g’,g
2 22
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(i) x*-3x*-6x+8=0
Sol:  The roots ofx® -3x*-6x+ 8= 0 are in A.P.
Supposea-d,a,a+d be the roots
Sum =a-d+a+a+d=3
3a=3
=a=1

O(x~-1) is a factor ofx* -3x? - 6x+ 8= 0

= x*-2x-8=0

— X2 —4x+ 2x-8= 0

= X(x-4)+2(x-4)=¢
= (x-4)(x+2)=0.
—x=4,-2

LI The roots are-2,1, 4.

8. Solve the following equations, given that the wis each are in G.P.
(i) 3x2 - 26x*+ 5X— 24= (
Sol: Given equation i$x® - 26x* + 5% - 24= (

The roots are in G.P.

Suppose?,a,ar are the roots
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Productg.a.ar are the roots.
r

Productg.a.ar :(—g’j
r 3

a*=8=a=2

0(x~2) is a factor of3x’ — 26x? + 52— 2¢

213 -26 52 24
0O 6 -40 -24
|3 20 12 | O
Hint; 3x12
=3x6x 2
=(18)(-2)

— 3x° - 20x+ 12= C
= 3x* -18x— X+ 12= (
=3x(x-6)-2(x-§=C

= (3x-2)(x-6)=0
:>X=E,6
3

O The roots areg,z,a

(i) 54x®-39x* - 26¢+ 16= (
Sol:  Given equation iS54x* - 3%* - 26+ 16= (

The roots are in G.P.

Suppose;E ,a,ar be the roots
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Product:E,a,ar = _16
r 54
, -8 ( 2)3 2
a=—=|-——-| >a=——
27 3 3

2.
Dx+§ is a factor ofs4x® - 39x* + 26¢+ 1¢

54 -39 -26 16
0 -36 50 -16

-2/3

| 54 -36 24 | O

Hint:18x 8
=0Ox2x8

=(-9)(-16)

= 54x% - 75+ 24= (

— 18x% — 25+ 8= (

= 18x" - 9x— 16x+ 8= (
=ox(2x-1)- g X~ 1= (

=(9x-8)(x-)=C

x
Il
©| o
N =

[1 The roots <31re§,——2,—1
9 32

9. Solve the following equations, given that the wis of each are in H.P.
(i) 6x°-11x®+ 6x— 1= C
Sol:  Given equation i$x’ -11x* + 6- 1= 0 -——(1

Put y:1 SO that%—1—21+—6—1: 0

X y 'y 'y
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6-1ly+ 6y’ —y*= 0

Yy —6y*+11ly- 6= 0 -—==(2
Roots of (1) are in H.P.

= Roots of (2) are in A.P.
Let a-d,a,a+d be the roots of (2)
Sum =a-d+a+a+d=6
Ja=6=>a=2
Product :a(a2 —dz) =6

2(4-d%)=6

4-d*=3

—d?=1d=1
a-d=2-1=1la=2a+d= 2+ I=

The roots of (2) are 1, 2, 3

The roots of (1) arez,E ,—1
23
(i) 15x° - 23%*+ X - 1= C
Sol: Given equation 45 - 23+ X- 1= 0 -———(1
Puty:1 SO thatl—f—%3+9—1=o
X y 'y y
15- 23+ 9° -y = (
(or) Y’ -9y*+23y~15= 0 (3

Roots of (i) are in H.P. So that roots of (2) exd.P.
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Leta-d, a, a+d be the roots of (2)
Sum=a-d+a+a+d=9

3a=9

a=3

Product= a(a2 —d2) =15

3(9-d?)=15
9-d?=5
d?=4=d=2

a-d=3-2=1,a=3
a+d=3+2=5

Roots of (2) are 1, 3,5

gl

wlk

Hence roots of (1) arg

10. Solve the following equations, given that theyave multiple roots.
() x*-6x3+13x*— 24+ 36= ( (i) 3x*+16x>+ 24*— 16= (
Sol: (i) Let f(x)=x"-6x*+13"~ 24+ 3¢
= f'(x) = 4x’ - 18 + 26¢~ 2
= f'(3)=4(27)- 18 9+ 26 p- 2
=108- 162 78 24

f(3)=81-162+ 117 72 36

0x-3 is a factor off '(x) and f (x)
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[ 3 is the repeated root df(x)

-6 13 -24 36
3. =89 120 36

1
- ERE datg e
= Yoy oo
W e

X2+4=0=>x=+2

LI The roots of the given equation &g+ 2

(i) 3x*+16x*+ 24> - 16= (

Sol: Let f(x)=3x*+16¢+ 24>~ 1€
f'(x) =12+ 48¢ + 4%
:12x(x2+4x+4)
12x(x+ 2)°
f'(-2)=0
f(-2)=3(16 + 14—~ §+ 24 ¥~ 16
0 x+2 is a factor of f '(x) and f (x)

0 -2 is a multiple root off (x) =0

3. 46, . B -8
gl e g w3l B AR

3 - 10 & =8 D
T I T

3 - \o_
C+4x-4=0= 3+ &K- X- & (

=3X(x+2)-2Ax+ )=
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[J The roots of the given equation are

2,-2,-22
3

10. Solve the equationx® + 2x*> - 5x* + 6x + 2= 0 given that1+i is one of its roots
Sol: Let1+i isone root=1-iis another root

The equation having roots

1+iisx*-2x+2=0

0 x* - 2x+ 2 is a factor is

x*+2x3-5x?+ 6x+ 2= 0

E T T 6 7z
21 - 2 3 7 -

X +4x+1= 0=

-4+ 16-4 -4+ 23
2 2

x=-2++3

X

[0 The roots of the given equations are
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1+i,-2+/3
11.  Solve the equatiorsx® — 4x® + x + 88= C which has 2-/-7 as a roots
Sol: Let2-+/-7(ie.) 2-4/ 7 is one root= 2++/7i is another root. The equation having roots
2+./7 is X2 - 4x+11= Q
0 x* - 4x+11 is a factor of the given equation
3 L4 1 88
=2 g e

= R
3 8 0 0

3X+8=0=> x:—%

[0 The roots of the given equation are

Ziﬁ,i—:—i

12.  Solvex® - 4x? + 8x + 35= (, given that 2+i+/3 is a root

Sol: Let 2+i/3 is one root= 2-i+/3 is another root
The equation having roots
2+i/3isx*— 4x+ 7= C
0 x* —4x+ 7 is a factor of

x* —4x*+ 8x + 35
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R (SRS e
16— adn e
LR SR e N gy

jed s 08

iy
|
iy

-4+ .,/16- 20
X2 +4x+5=0=>=——N"—" =
2
A+ D
=422 o4
2

[ The roots of the given equation are

2+i3,- 2+i

13.  Solve the equation* - 6x° + 11x*> - 1+ 2= (, given that 2++/3 is a root of the equation
Sol: 2+4/3 is one root=2-+/3 is another root. The equation having the roots of
2+/3isX* - 4x+ 1= C
0 x* - 4x+1 is factor of

X =63 +1x2 - 1k + 2 (

J1 -6 11 —10 2
&l 4 -8 8 =
] —~ 2 ;2

T 0

X2 =2x+2=0=

_2+.[/4-8 212 _
2 2

1+i

X

[ The roots of the required equation &e~/3, 1+ |
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14.  Given that-2++/=7 is a root of the equation* + 2x? - 16x + 77= (, solve it completel
pletely

Sol: —2-+-7(ie)- 2+i+/7 is one root= -2 +i\/7 is another root. The equation having the roots
of 2+i/7isx? + 4+ 11= C
O x* +4x+11is a factor of

xt+2x% -16x+ 77

1.8, 296 77
b R TR R
kbl ol 20 - M- 7Y

1 -4 7|0 0

X’ —4x+7=0

. 4+ [16- 28 4+ 23
2

2

=2+3

[ The roots of the required equation are

—2+iJ7,2+/3

15  Solve the equationx* - 9x® + 27x> — 2% + 6= (, given that one root of it2—+/3

Sol: 2-+/3 is one root= 2 ++/3 is another root .
The equation having the roots ®f /3 is x? - 4x+1= 0

0 x*-4x +1 is a factor of the given equation
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Sol:
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X’ =5x+6=0=(x-J(x-3J=
Xx=2,3

[l The roots of the required equation &re+/3, 2,

Where a, b, c.....k, m, a’ b’, c'.....k" are all eal numbers, cannot have a non-real root.

Let o +ipB be aroot of the given equation. Supposg #0, thena -ig is also root of the

given equation.

Substitutea +ig in the given equation, we get

a’ b? k?

_ + _ + +—
a+if-a'" a+if-b' a+ip-k'

=a+if-m
jaz[(a—a')—ﬁ]+b2[(a—b')—i,8]+ +k2[(a_kl)_iﬁ]:a+i,8—m --------- (1)
(a_a,)z L (a—b')2+,6’2 ...... (a—k')2 + Bh2

Substitutea - i g in the given equation, we get

a’ b? k2

....... =@ =i =M e (2
y (a-a) +p° (CJ’—b')2+Ig2 ¥ (a’—k)2+/3 if-m (2)
(2)-1)= 28
a’ b? K2
+ o +
(@=a+ i amo) s ke
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This is a contradiction

[J The given equation cannot have non-real roots.

17.  Find the polynomial equation whose roots are thsquares of the roots of

X' +x3+2x*+x+1=0

Sol:  Given equation is
f(x)=x"+x*+2x*+x+1=0
Required equatiorf (&) =0
= X + x/x +2x+/x +1=0
:\/i(x+1):—(x2 2 2x+])
Squaring both sides,
= x(x+1)° :(x2 + 22X+ ])2
= x(x2 +2X + 1)
=X +4X2+ 1+ 5+ I+ XP

S 2+ X=X+ A+ X2+ AX+ ]
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e, xX*+3x+4x°+ X+ 1= 0

18. Form the polynomial equation whose roots are thsquares of the roots of

x> +3x*~ 7x+ 6= 0

Sol: Given equation is
f(x)=x+3x"-7x+6=0
Required equations is(\/;) =0
= XV X +3x—7\/§+ 6=0
=x(x=7)==(3x+6)
Squaring on both sides
= x(x-7)"=(3x+6)°
:>x(x2—14x+ 49) = &°+ 36+ 3&
= x> —14x* + 4K - X* - 3& - 36= |

e, x®—23%%+ 1X - 36= (

19. Form the polynomial equation whose roots are ties of the roots ofx® +3x* + 2= 0
Sol: Given equation is¢® + 3x*+ 2= 0

Puty=x* so thatx = y"®

Oy+3y**+2=0

3y2/3:_(y+ 2)
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Cubing on both side7y? =—(y + 2’
=-(y*+6y" +12y+ §

Oy +6y*+12y+ 8= C

= y*+33y*+12y+ 8= C

Required equation ig® + 33x*+ 12+ 8= C

Solvex® - 3x*~16x+ 48= (
Let f(x)=x>-3x*-16x+ 4¢
By inspection,f (3)=0
Hence 3 is a root of (x) =0
Now we divide f (x) by (x-23)
3|1 -3 16 48

t 3 0 -48

1.0 <16 |0

Ox*-16=0=(x= 4 (x+ 4= C

= Xx=-4,4

[1 The roots are-4, 3, 4
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21.  Find the roots ofx* —16x® + 86x* — 17&+ 105
Sol: Let f(x)=x"-16x*+86¢* - 17&+ 10

Now, if (1) =1- 16+ 86~ 176- 105

[l 1is a root off (x)=0

= x-1 is a factor of f (x)

1]1 -16- 86 -176 105

- 1 =15 71-105
1. =15 . J1=105 0

O f(x)=(x-1)(x*~15¢ + 7k - 103
=(x-1)g(x) where
g(x) =x* —15x* + 7~ 10%

g(1) =1- 15+ 71- 105~ 48
g(2)=-15%C

g(3)=27- 135+ 213 105

03 is a root ofg(x) =0

= x -3 is a factor ofg(x)

3 L1 =15 . Fl-105
- 3 -36 105

0 g(x)=(x-3)(x-12x+ 39
=(x=3)(x-5)(x-7)
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01 () =(x-2)(x-3(x- 5 (x- 9

01,3,5,7are the roots of (x) =0

Solvex® - 7x* + 36= 0, given one root being twice the other
Let a, g,y be the root of the equation

x® —7x*+36= 0 and

Let B =2a

Now we haveny + g+ y=7

=>3a+y=7 e (1)
ap+By+ya=0

N N Gl < (72 o J— )
afy=-36= 0%y =— 36 ---------- (3)

From (1) and (2), we have

20° +30(7- )= C
i.e.,a’-3a=0(or)a(a-3=C

Oa=0ora=3

Sincea =0 does not satisfy the given equation
Oa=3,sof=6and y=-2

[l The roots are 3, 6, -2
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24. Given that 2 is a root ofx® —6x* + 3x + 10= Q, find the other roots

Sol: Let f(x)=x>-6x’+3x+10

Since 2 is a root of (x) =0, we divide f (x) by (x-2)

6 A8 =35 5] 3
1 g a2 -
aihe 4 e A 3

6 11 3 | 0 0
0 x* - 6x* + 3x + 10=(x~ Q(XZ— & - E)
=(x-2)(x+1)(x-5)

0-1,2 and 5 are the roots of the given equation

25.Give that two roots of4x® + 20x*- 2% + 6= ( are equal, find all the roots of the given
equation

Sol: Leta, B,y are the roots ofix® + 20x* - 2x+ 6= (

Given two roots are equal, let g

W havea+,8+y:%0:—5

=20+y=-5

=23
:>038+,8V+W=T

=a’ +20/y:%’ ----------- (2)

6 -3 , -3
afy=—=—=QqQ°Y=— -——mmmmmm-- 3
By R I (3)
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From (1) and (2)® +2a(-5- ) :_723

=120 + 4Qr - 23= (
=(20-1)(6x+23=C

1 -23
a==,a=—
2 6

On verification, we get that
1.

a 25 is a root of (1)

(2)=y=-6

U Roots ar ,—6

N
N

26. Solvetx® — 24x* + 2%+ 18= (, given that the roots of this equation are in aritmetic

Progression

Sol: Leta-d,aa+d are the roots of the given equation

Now, sum of the roots

a-d +a+a+d:2744

Product of the rootga-d) a(a+d) :%8

a(a2 —dz) =-

N | ©
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2(4-d2):-§
a(4-d*)=-9
16- 4d?=-9
4d? = 25
d=+>

2

[l Roots are—%, 2and g

27. If the roots of x* + 3px® + 3gx +r = 0, are in geometric progression, find the condition

Sol: The roots are in GP

Suppose the roots b%, a,aR

Given (%)(a) (aR)=-R

=a=(-r)"

s'a' isaroot ofx® +3px*+3gx+r =0
:(—r“?')3 +3p(—r1’3)2+ 3q(—r 1’3) +r=0
=-r+3pr?*-3gr**+r=0
pr*=or*”?

1/3 _

= pr'®=q

= p’r =q is the required condition
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